Impulsing the Pendulum: Escapement Error

by Dr. George Feinstein (NY)

[.INTRODUCTION

The purpose of this article is to investigate
the following questions: What is the ideal
location to impulse a pendulum? What are
the consequences of not impulsing at the
ideal location from the viewpoint of accurate
timekeeping?

Over the years a lot of attention has been
given to circular error and not enough to the
so-called “escapement” error, which is actual-
ly impulse error. Impulse error is the change
in the period of a pendulum due to the act of
impulsing. Impulsing is required to maintain
the amplitude of the pendulum and to take a
synchronizing signal from it.

In our space-time continuum three dimen-
sions are required to define a point. The ideal
location for impulsing a pendulum is defined
by the swing plane, the center of percussion,
and the position of equilibrium of the pendu-
lum. The position of equilibrium is the posi-
tion the pendulum takes when it is at rest.

[l. CIRCULAR ERROR

An item to consider for precision timekeep-
ing with a pendulum is maintaining a con-
stant amplitude of swing. Most present-day
pendulums follow a circular path, so they
have what is called circular error.

Circular error is the change in the period of
a pendulum due to the fact that a freely
swinging pendulum, following a circular path
under the influence of gravity, takes longer to
traverse a large arc than a small one.

As can be seen in Table 1, the rate of
change of circular error increases with an
increased amplitude. Thus, to minimize the
problems with circular error, it is best to keep
the amplitude of the pendulum as small as
possible. Later we will use the results of Table
1 to try to cancel out the effect of the change
in circular error with the change in the
impulse error. It should also be noted that in
both cases (i.e., circular and impulse errors),
the “error” itself causes no problem in time-
keeping because the pendulum length can be
adjusted to compensate for them; the real
problem is the change in the error due to
slight variations in the amplitude of the pen-
dulum.
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Table 1. Circular Error for 1-Second
Nondamped Pendulum, Series Solution

Length=99.3961 cm. Nominal Period = 2.0000 sec.
g= 981.0000 cm/sec? Cycles/day = 43200.0
1 2 3 4 5 6 7 8
Semi-Amplitude Actual Circ.  Lin. of Rate of Lin.of Max.
0, 6o Period Error Circ. Change  Rates of Velocity
degrees minutes sec. sec/day Error sec/day/asec Change cm/sec

0.017 1.00 2.000000 0.0005 1.0 1.5231E-05  1.00000  0.09083
0.250 15.00 2.000002 0.1028 15.0 2.2846E-04  1.00000 1.362
0.500 30.00 2.000010 04112 30.0 4.5693E-04  1.00001 2.725
1.000 60.00 2.000038 1.6450 60.0 9.1388E-04  1.00003 5.450
2.000 120.00 2.000152 6.5802 120.0 1.8280E-03  1.00014 10.90
3.000 180.00 2.000343 14.807 180.0 2.7424E-03  1.00031 16.35
4.000 240.00 2.000609 26.326 240.1 3.6575E-03  1.00056 21.80
5.000 300.00 2.000952 41.141 300.1 4.5733E-03  1.00087 27.24
6.000 360.00 2.001372 59.255 360.2 5.4900E-03  1.00126 32.69
7.000 420.00 2.001867 80.671 4204 6.4079E-03  1.00171 38.13
8.000 480.00 2.002440 105.39 480.5 7.3272E-03  1.00224 43.56
9.000 540.00 2.003089 133.43 540.8 8.2480E-03  1.00283 49.00

10.000 600.00 2.003814 164.78 601.0 9.1705E-03  1.00350 54.43

DESCRIPTION OF TERMS

Nominal period - The desired period of a pendulum in seconds, the period is
twice the time of the pendulum designation (i.e., for a 1-second pendulum the
period is 2 seconds).

g - Acceleration due to gravity, in centimeters per second per second.

Length - Theoretical pendulum length for the nominal period, in centime-
ters. See Eq. (B-1).

1 & 2. Semiamplitude - The chosen angle of swing from the position of equi-
librium to the position of maximum displacement, given in degrees and min-
utes.

3. Period - The actual period of the pendulum, including the circular error.
See Eq. (E-3).

4. Circular error - The increase in the period of a circular pendulum due to
an increase in the amplitude of swing, given in seconds per day. See Eq. (E-2).

5. Linearity of circular error - Compared to the 1-minute value.

6. Rate of Change - The rate of change of the circular error, which is the slope
of the circular error vs. semiamplitude curve, in seconds per day per second of
arc. See Eq. (E-4).

7. Linearity of rates of change - Rate of change of circular error compared to
the semi amplitude of the pendulum.

8. Maximum velocity - The maximum velocity of the pendulum, which occurs
at the position of equilibrium, in centimeters per second. See Eq. (B-3).
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[1I. SWING PLANE

The impulsing force should be perpendicular to the
axis of the pendulum and in the swing plane of the pen-
dulum. The axis of the pendulum is the line perpendic-
ular to its axis of rotation and passing through its cen-
ter of mass. The swing plane is the plane generated by
rotating the axis of the pendulum about the axis of
rotation.

Any force that is not in the swing plane and perpen-
dicular to the axis of the pendulum produces one or
more of the following effects: twisting, bending, and
stretching or shortening of the pendulum. These effects
cause extraneous movements of the pendulum that
affect the regularity of its motion.

IV.CENTER OF PERCUSSION
(CENTER OF OSCILLATION)

A ball hitting the “sweet spot” of a baseball bat or
tennis racket causes no sting or jarring to the hands
gripping the bat or racket. The sweet spot is at the cen-
ter of percussion of the bat or racket.

If a pendulum is impulsed at its center of percus-
sion, there is no reaction at the pivot point or center of
rotation. For a compound pendulum (a real-life pendu-
lum) the distance from the center of rotation to the cen-
ter of percussion is equal to the length of a theoretical
simple pendulum of the same period. Another relation-
ship between the center of rotation and the center of
percussion is that they are conjugate to each other.
That is, if the pendulum is suspended from its center of
percussion, its period remains the same, and the origi-
nal center of rotation becomes the new center of per-
cussion. For this reason it is also called the “center of
oscillation.”

Any impulsing force applied at other than the center
of percussion will disturb the pendulum by causing the
pendulum rod to flex and vibrate. The closer the loca-
tion of the impulsing is to the center of percussion the
lighter the required pendulum rod.

V.“Q"IS FOR QUALITY?!

Q is called the Quality factor and is a measure of the
efficiency of a pendulum in maintaining its amplitude.
From the literature it would seem that a “free” pendu-
lum requiring no impulsing and therefore having an
infinite Q would be the perfect pendulum. But from the
timekeeping point of view this is not true.

It is true that “other things being equal” the higher
the @, the more constant the period of the pendulum,
but the corollary that any pendulum with a high Q has
a more constant period than any other pendulum with
a lower Q is untrue.

Q is a measure of the relative magnitude of the
impulse required to maintain pendulum amplitude;
thus, it is also a measure of the magnitude of the vari-
ous energy losses the pendulum experiences. There are

2 NAWCC BULLETIN

many factors, not measured by Q, that affect the time-
keeping ability of a pendulum. For example, Q would
not be directly affected by temperature error, errors
due to buoyancy effects, circular error, or errors due to
phase angle changes in the impulsing.

From the above we see that although it is desirable
and maybe even necessary to have a large Q for good
timekeeping, it is not sufficient. A pendulum with a
high Q can be a good or bad timekeeper depending on
its attributes not measured by Q, but a pendulum with
a low Q will never be a great timekeeper.

VI."ESCAPEMENT” - IMPULSE ERROR?34>67

Escapement error was first described by George
Biddell Airy as Example 7 in his 1826 article “On the
Disturbances of Pendulums and Balances, and on the
Theory of Escapements.”

There have been qualitative discussions of the prob-
lem since then, but no exact and comprehensive quan-
titative presentations, due to the extensive computa-
tions required.

VII.IMPULSE ERROR, QUALITATIVE REVIEW

To understand the cause of impulse error we will
examine five cases of impulsing the pendulum:

A. Impulse at the position of equilibrium

B. Impulse at the end of swing, away from the posi-
tion of equilibrium

C. Impulse at the end of swing, toward the position
of equilibrium

D. Impulse at intermediate phase angle, away from
the position of equilibrium

E. Impulse at intermediate phase angle, toward the
position of equilibrium

For this exercise use a 1-second isochronous pendu-
lum (i.e., no circular error).

A. The velocity of the pendulum is increased by the
impulse at the position of equilibrium. This increases
the semiamplitude of the pendulum, but there is no
change in the period because the pendulum is isochro-
nous.

B. The pendulum takes 0.5 second to travel from the
position of equilibrium to the end of the swing, at
which point it is impulsed in the direction away from
the position of equilibrium. This causes the pendulum
to travel some additional distance from the position of
equilibrium, before stopping again, which takes some
additional time; let’s call it Aty. After the pendulum
reaches this point, it reverses direction and returns to
the position of equilibrium in 0.5 second because it is
isochronous. Thus, the total time of travel is 1.0 second
+ Atg. The term + Aty is the impulse error for this case.

C. The pendulum takes 0.5 second to travel from the
position of equilibrium to the end of the swing, at
which point it is impulsed in the direction toward the
position of equilibrium. This causes the pendulum to
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start traveling toward the position of equilibrium at
some finite velocity rather than zero speed, as if it had
started from some point further from the position of
equilibrium. Thus, the time to return to the position of
equilibrium is 0.5 second - At, and the total travel time
is 1.0 second - At.. The term - At is the impulse error
for this case.

D. The pendulum swings from the position of equi-
librium to the impulse phase angle, at which point it is
impulsed in the direction away from the position of
equilibrium and continues to the end of the swing.

After the pendulum reaches this end point, it revers-
es direction. Because the pendulum is isochronous, it
returns to the position of equilibrium in 0.5 second
However, the initial travel from the position of equilib-
rium to the end of the swing took 0.5 second + At
because the semiamplitude traveled was for the pen-
dulum with the impulsed energy state; however, ini-
tially the pendulum was traveling at the lower pre-
impulse velocity until it reached the point of impulsing.
Thus, the total time of travel is 1.0 second. + Atp,. The
term + Aty is the impulse error for this case.

E. The pendulum swings from the position of equi-
librium to the end of the swing in 0.5 second After
reaching this point the pendulum reverses direction
and continues to the impulse phase angle, at which
point it is impulsed in the direction toward the position
of equilibrium and returns to the position of equilibri-
um. The trip from the end of the swing to the position
of equilibrium took less than 0.5 second by - Atg
because the semiamplitude traveled was for the pen-
dulum with the preimpulsed energy state; however,
after the impulse the pendulum was traveling at the
higher postimpulse velocity from the point of impuls-
ing until it reached the position of equilibrium. Thus,
the total time of travel is 1.0 second - Atg; the term - Aty
is the impulse error for this case.

Even though the above discussion was done for a 1.0
second isochronous pendulum, the conclusions are
valid for all pendulums, balance wheels, and torsion
pendulums.

Impulse (escapement) error is due to the time differ-
ence in the travel of the pendulum from the position of
equilibrium to the point of impulse, with the initial and
impulsed energy states.

All interference to the motion of a pendulum is a
form of impulsing. There is both positive and negative
impulsing. Positive impulsing (in the direction of
motion of the pendulum) is energy transferred to the
pendulum to maintain its energy level, whereas nega-
tive impulsing (opposed to the direction of motion of
the pendulum) is energy taken from the pendulum.

It should be noted that any forces applied to the pen-
dulum and acting toward the position of equilibrium
reduce the period of the pendulum, whereas forces act-
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ing away from the position of equilibrium increase the
period.

Because damping forces act throughout the motion
of a pendulum and are generally symmetric (i.e., acting
half the time toward the position of equilibrium and
the other half away from the position of equilibrium),
they have practically no net effect on the period of the
pendulum.

However, the positive impulsing force generally acts
repetitively over a small portion of the pendulum’s
motion and usually in the same direction, either
toward or away from the position of equilibrium,
depending on the escapement, therefore producing an
impulse error.

VIII. IMPULSE ERROR, QUANTITATIVE EVALUATION

The values of the impulse errors and rates of change
were calculated on a Quattro Pro spreadsheet by using
the equations derived in the Appendices. The Quattro
Pro spreadsheet carries 15 significant figures. It would
have been better to use a program that carries more
significant figures, such as FORTRAN, but with care
the Quattro Pro program was adequate for the job.

First, the impulse errors and rates of change were
calculated for the following four cases (see Table 2):

1. Nondamped circular path pendulum using a
series solution of elliptic integrals. This was the first
case used to calculate impulse error; the equation is
the only pendulum equation of motion that has an
exact solution and is the easiest to use. It is the classic
equation of motion of a pendulum following a circular
path. The one deficiency of this equation is that it is a
mathematical equivalent to a perpetual motion
machine. Because there is no damping to reduce the
amplitude of swing, any impulse will increase the
amplitude of the pendulum. There was a question
whether this would affect the results.

2. Linearly damped circular path pendulum using
fourth-order Runge-Kutta method. This case includes
damping and a reduction in amplitude, which is coun-
tered by impulsing. But this case requires numerical
integration for solution and thus a much greater
amount of calculation.

3. Nondamped cycloidal path pendulum wusing
numerical linear integration

4. Linearly damped cycloidal path pendulum using
an algebraic solution. Cases 3 and 4 are for a cycloidal
path pendulum, which is isochronous and thus has no
circular error and were used to ensure that circular
error was correctly eliminated in cases 1 and 2.

These calculations were done for Q = 10,000 and
semiamplitude = 240 minutes. All cases were calculat-
ed at the same energy levels, and the circular path
solutions were corrected for circular error. The calcula-
tions for the four cases used totally different mathe-
matical techniques; however, the results came out vir-
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any of the lines of data in
Table 3, for a particular rela-
tive impulse location (column
1) the impulse error (column
2) is constant for all semi-
amplitudes, whereas the
RCIE (columns 4, 6, 8, 10, and
12) is reduced with an
increase in semiamplitude.
That is, the greater the semi-
amplitude the smaller the
RCIE. We also see that the
RCIE grows very rapidly near
the very end of the swing.
This is the reason that pendu-
lums impulsed there are very
poor timekeepers.

During 90 percent of the
swing of the pendulum, the
impulse error is nearly linear-
ly inversely proportional to Q
with a deviation of less than 5
percent; however, near the
end of the swing the relation
becomes nonlinear and
changes to a relation of the
square root of the inverse of Q
at the very end of the swing.

The reason for the above is

Table 2. Comparison of Impulse Error for Circular and Cyclodial
Pendulums, Both Linearly Damped and Nondamped
Path Semi-Amplitude Q= 10,000.0 Length = 99.3961 cm,
Circle Bo= 240.0000 minutes a= 24.8490 cm.
Cycloid Bo = 240.1465 minutes g= 981.00 cm/sec ?
Path Circular Cycloidat
Damping Non-Damped Linearly Damped Linearly Damped Non-Damped
Irop. Loc. Imp. Err  Rt. Chng. Imp. Err.  Rt. Chng. Imp. Err.  Rt. Chng. Imp. Err.  Rt. Chng. Imp. Loc.
¢} Imp. Err. - Imp. Err. Imp. Err. Imp. Err. i
minutes  xsec./day sec/day/asec :sec./day sec/day/asec :sec./day sec/day/asec zxsec./day sec/day/asec  minutes
0.0000 0.0000 2.9990E-04 0.0000 3.0036E-04 0.0000  3.0004E-04 0.0000 2.9999E-04 0.0000
1.0000 0.017994 2.9991E-04 0.018022 3.0037E-04 0.018002 3.0005E-04 0.018000 3.0000E-04 1.0000
72.0000 1.3581 3.4548E-04 1.3601 3.4594E-04 1.3587 3.4557E-04 1.3586 3.4551E-04  72.0039
144.0000 3.2390 5.8579E-04 3.2430 5.8626E-04 3.2403  5.8555E-04 3.2398 5.8546E-04 144.0316
216.0000 8.9162 3.6193E-03 8.9229 3.6206E-03 89178 3.6138E-03 8.9166 3.6132E-03 216.1068
223.2000 10.925 6.0335E-03 10.932  6.0355E-03 10.926 6.0235E-03 10.931 6.0226E-03 223.3178
230.4000 14.798  1.3632E-02 14.807 1.3636E-02 14.800 1.3607E-02 14.803 1.3605E-02 230.5296
237.6000 30.206 0.10567 30.219 0.10571 30.205 0.10547 30.206 0.10545 237.7422
238.3200 36.125 0.17913 36.141 0.17920 36.124 0.17879 36.124 0.17876 238.4635
239.0400 47.702 0.40871 47.721 0.40891 47.699 0.40798 47.698 0.40792 239.1848
239.7600 93.032 3.0079 93.066 3.0169 93.023 3.0099 93.018 3.0094 239.9061
240.0000 487.55 226.24 487.56 226.124 487.41 225.98 487.60 226.19 240.1465
Imp. Loc. = Impuise Location Imp. Err. = Impulse Error sec/day/asec = seconds per day per arc second
Rt. Chng. Imp. Err. = Rate of Change of Impulse Error

as follows: The impulse, no
matter where in the swing it
is regularly applied, has to

tually identical (see Table 2). Because of this a decision
was made to perform all the rest of the calculations by
using the equations for the nondamped circular path
pendulum because it was the simplest to work with.

The impulse errors and rates of change of the
impulse error (RCIE) were calculated for five values of
the quality factor Q, from Q = 100 to Q = 1,000,000. For
each value of Q, calculations were done for five values
of the semiamplitude, from 30 minutes to 480 minutes
of arc, which covers the range for most presently used
pendulums.

The impulse is provided once per swing by increas-
ing the velocity at the required point in the swing.

From these results it was found that impulse error
(see Figure 1) is a function of two variables: (1) the
quality factor Q, which defines the magnitude of the
impulse, and (2) the relative impulse location. The rel-
ative impulse location is obtained by dividing the
phase angle of the impulse by the semiamplitude of the
pendulum (phase angle/semiamplitude).

Because of this, even though the impulse error is
independent of the semiamplitude, the RCIE is
inversely proportional to the semiamplitude (see
Figure 2 and Table 3). We see this by noting that for
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provide the same amount of
energy to maintain the amplitude of the pendulum. The
moving pendulum has two forms of energy: potential
and kinetic. The potential energy is due to the location
of the center of mass above some fixed datum, whereas
the kinetic energy is due to the motion of the pendulum
and is a function of the square of the velocity of the cen-
ter of mass of the pendulum. The impulse increases the
kinetic energy of the pendulum. When the pendulum is
traveling at a relatively high velocity (e.g., near the
position of equilibrium), the change in velocity to pro-
vide the impulse energy is very small, and it has a very
small effect on the period of the pendulum. But when
the pendulum is at or near the ends of the swing (i.e.,
moving very slowly), the change in velocity is much
greater and so is its effect on the period of the pendu-
lum. The kinetic energy of the pendulum, as stated ear-
lier, is proportional to the square of the velocity of the
pendulum, whereas the period of the pendulum is pro-
portional to the velocity. This is the cause for the
impulse error at the ends of the swing being propor-
tional to the inverse of the square root of Q.

For over 90 percent of the swing, mentioned earlier,
the average impulse error is essentially the same
whether the escapement impulses the pendulum once
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Figure 1. Escapement error for one impulse/swing.

in every swing, as in these
calculations, or once every
other swing, or even once in
30 swings as in some escape-
ments. It is important to note
that even though the average
impulse error is practically
the same, the actual impulse
error only occurs in the swing
that the impulse is applied.

Impulse error can be posi-
tive or negative, depending
on the direction of the
impulsing force. An impuls-
ing force acting away from
the position of equilibrium
produces a positive impulse
error, whereas one toward the
position of equilibrium pro-
duces a negative impulse
error. A positive impulse
error increases the period of
the pendulum, but a negative
one reduces the period.
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Figure 2. Relative rate of change of escapement error.

Length =

Table 3A. Impulse Error for 1-Second Nondamped Circular Pendulum,
Eliptic Integral - Series Solution

99.3961

cm.

Pemi-Amplitude 6, = 30.0

Relative Imp. Err. Imp. Loc.

Impulse 0
Loc.  ssec/day minutes
Q= 100
0.0000 0.000  0.000
0.3000 1326 9.000
0.6000 3152 18.000
0.9000 844.9 27.000
0.9300 1021 27.900
0.9600 1337 28.800
0.9900 2295 29.700
0.9930 2556 29.790
0.9960 2950 29.880
0.9990 3748 29970
1.0000 4826 30.000

g= 981.00  cm./sec?
60.000 120.000 240.000 480.000
Rt. Chng. Imp.Loc. Rt.Chng. Imp.Loc. Rt.Chng. Imp. Loc. Rt Chng, Imp.Loc. Rt Chng:
Imp. Err. [:] Imp. Err. [¢] Tmp. Err. [¢] Irup. Err. [¢] Imp. Err.
minutes minutes minutes minutes d
0.2345 0.000 0.1172 0,000 0.05862 0.000  0.02931 0.000 0.01465
0.2695 18.000  0.1348 36.000 0.06738 72.000 0.03369 144.000 0.01684
0.4522 36.000 0.2261 72.000 01130 144.000 0.05653 288.000 0.02827
2.582 54.000 1.291 108.000  0.6455 216.000 03228 432,000 0.1616
4.126 55.800 2.063 111.600 1.032 223200  0.5160  446.400 02583
8.461 57.600 4231 115200 2.116 230.400 1.058 460.800  0.5296
40.86 59.400 20.43 118.800 10.22 237.600 5.109 475200 2557
57.62 59.580 28.81 119.160 14.41 238.320 7.205 476.640 3.605
94.02 59.760 47.01 119.520 23.51 239.040 .76 478.080 5.882
2581 59.940 129.1 119.880  64.54 239.760 3227 479.520 16.14
831.3 60.000 605.3 120.000 4369 240.000 3134 480.000 2239

3,5,7,9,& 11 - Imp. Loc. = Impulse Location in minutes.

4,6,8,10, & 12 - Rt. Chng, Imp. Err, = Rate of Change of Impulse Error in Seconds per Day per Arc Second.

1 - Relative Impulse Loc. = Relative Impulse Location from position of equilibrium = 0.0000 to Semiamplitude = 1.0000

2 - Imp. Err. = Impulse Error in +Seconds per Day, + is impulse toward position of equilibrium, - is away from position of equilibrium
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Table 3B. Impulse Error for 1-Second Nondamped Circular Pendulum,
Eliptic Integral - Series Solution
Semi-Ampl. 0, = 30.0 60.000 120.000 240.000 480.000

Relative Imp. Err. Imp. Loc. Rt.Chng. Imp.Loc. Rt.Chng. Imp.Loc. Rt.Chng. Imp.Loc. Rt.Chng. Imp. Loc. Rt. Chng.

Impulse 0 Imp. Err. 6 Imp. Err. 0 Imp. Err. 0 Imp. Err. 0 Imp. Err.
Loc.  +Sec./Day minutes sc/day/asc minutes sc/day/asc minutes sc/day/asc minutes sc/day/asc minutes sc/day/asc
Q= 1,000
0.0000 0.000 0.000  0.02394 0.000  0.01972  0.000 0.005986 0.000 0.002993 0.000 0.001496
0.3000 13.55  9.000 0.02758 18.000 0.01379 36.000 0.006894 72.000 0.003447 144.000 0.001723
0.6000 3231 18.000 0.04670 36.000 0.02335 72.000 0.01168 144.000 0.005839 288.000 0.002920
0.9000 88.71 27.000 0.2862 54000  0.1431 108.000 0.07157 216.000 0.03579 432.000 0.01792
0.9300 108.5 27.900  0.4750 55.800  0.2375 111.600 0.1188 223.200 0.05941 446.400 0.02974
0.9600 146.5 28.800 1.062 57.600  0.5308 115200 0.2654 230400 0.1327 460.800 0.06646
0.9900 291.7 29.700 7.654 59.400 3.827 118.800 1.914 237.600 0.9572 475200 0.4793
0.9930 3444 29.790 12.49 59.580 6.246 119.160 3.123 238.320 1.562  476.640 0.7821
0.9960 441.2 29.880 26.14 59.760 13.07 119.520  6.536  239.040 3269  478.080 1.636
0.9990 740.7 29.970 128.6 59.940 64.32 119.880  32.16  239.760 16.08  479.520 8.049
1.0000 1540 30.000 664.8 60.000 517.5 120.000  391.7  240.000 290.4  480.000 2123
Q= 10,000
0.0000 0.000 0.000 0.002399 0.000 0.001200 0.000 0.0005998 0.000 0.0002999 0.000 0.0001499
0.3000 1.358 9.000 0.002764 18.000 0.001382 36.000 0.0006910 72.000 0.0003455 144.000 0.0001727
0.6000 3239 18.000 0.004686 36.000 0.002343 72.000 0.001171 144.000 0.0005858 288.000 0.0002930
0.9000 8916 27.000 0.02894 54.000 0.01447 108.000 0.007236 216.000 0.003619 432.000 0.001812
0.9300 1092 27.900 0.04825 55.800 0.02412 111.600 0.01206 223200 0.006033 446.400 0.003021
0.9600 14.80 28.800  0.1090 57.600  0.05450 115.200 0.02725 230.400 0.01363 460.800 0.006825
0.9900 3021 29.700 0.8449 59.400 0.4225 118.800 0.2113  237.600 0.1057 475200 0.05291
0.9930 36.16 29.790 1.432 59.580  0.7162 119.166  0.3581  238.320 0.1791 476.640 0.08970
0.9960 47.70 29.880 3.268 59.760 1.634 119.520 0.8171  239.040  0.4087 478.080  0.2047
0.9990 93.04 29.970 24.05 59.940 12.03 119.880 6.014 239.760 3.008 479.520 1.506
1.0000 487.6 30.000 365.9 60.000 324.6 120.000  276.7  240.000 2262  480.000 178.1

IX.IMPULSE ERROR, CONCLUSIONS

By comparing the rate of change of the circular error
(RCCE) (see Table 1) with the RCIE (see Table 3) we
see that the optimum semiamplitude is dependent on
the value of Q for the clock and the relative impulse
location because increasing the amplitude increases
the RCCE but decreases the RCIE.

The ideal would be to eliminate or at least to mini-
mize the total change in the circular error plus impulse
error by matching the RCCE and RCIE by adjusting
the semiamplitude for a pendulum with a specific
value of Q.

We can theoretically eliminate the combined change
in circular error plus the impulse error. To do this we

6 NAWCC BULLETIN

would need an escapement with two attributes: (1) The
impulse must be toward the position of equilibrium
and (2) The relative impulse location must be
adjustable.

Then we could choose a combination of amplitude
and phase angle (relative impulse location) such that
when the amplitude varied, the increase or decrease in
the circular error would be corrected by the decrease or
increase in the impulse error.

For example from Table 1 the RCCE for a semi-
amplitude of 4° is 0.00366 sec/day/asec, whereas from
Table 3B for a Q = 10,000, a semiamplitude of 240" (4°)
for an impulse toward the position of equilibrium and
a phase angle of 216' the RCIE is -0.00362 sec/day/asec;
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Table 3C. Impulse Error for 1-Second Nondamped Circular Pendulum,
Eliptical Integral - Series Solution
Semi-Ampl. 6, = 30.0 60.000 120.000 240.000 480.000

Relative Imp. Err. Imp. Loc. Rt.Chng. Imp.Loc. Rt.Chng. Imp.Loc. Rt.Chng. Tmp. Loc. Rt. Chng. Imp.Loc. Rt. Chng.

Impulse 0 Imp. Err. 0 Imp. Err. 6 Imp. Err. &} Imp. Err. &} Imp. Err.
Loc.  +Sec./Day minutes sc/day/asc minutes sc/day/asc minutes sc/day/asc minutes sc/day/asc minutes sc/day/asc
Q= 100,000
0.0000 0.000 0.000 0.0002400 0.000 0.0001200 0.000 6.000E-05 0.000 3.000E-05 0.000 1.499E-05
0.3000 0.1358 9.000 0.0002765 18.000 0.0001382 36.000 6.912E-05 72.000 3.456E-05 144.000 1.728E-05
0.6000  0.3240 18.000 0.0004687 36.000 0.0002344 72.000 0.0001172 144.000 5.860E-05 288.000 2.931E-05
0.9000  0.8921 27.000 0.002898 54.000 0.001449 108.000 0.0007245 216.000 0.0003623 432.000 0.0001814
0.9300 1.093 27.900 0.004832 55.800 0.002416 111.600 0.001208 223.200 0.0006043 446.400 0.0003025
0.9600 1481 28.800 0.01093 57.600 0.005465 115200 0.002733 230.400 0.001367 460.800 0.0006844
0.9900 3.032 29.700 0.08539 59.400 0.04270 118.800 0.02135 237.600 0.010679 475.200 0.005348
0.9930 3.631 29.790  0.1454 59.580  0.07270 119.160 0.03636 238320 0.018184 476.640 0.009106
0.9960 4813 29.880 0.3354 59.760  0.1677  119.520 0.08387 239.040 0.041950 478.080 0.02101
0.9990 9.620 29.970 2.654 59.940 1.327 119.880 0.6636  239.760  0.3319 479520 0.1662
1.0000 1542 30.000 141.3 60.000 136.1 120.000 128.9  240.000 1194 480.000 107.2
Q= LOE+06
0.0000 0.000 0.000 2400E-05 0.000 1.200E-05 0.000 6.000E-06 0.000 3.000E-06 0.000 1.499E-06
0.3000 0.01358 9.000 2.765E-05 18.000 1.382E-05 36.000 6.912E-06 72.000 3.456E-06 144.000 1.728E-06
0.6000 0.03240 18.000 4.687E-05 36.000 2.344E-05 72.000 1.172E-05 144.000 5.860E-06 288.000 2.931E-06
0.9000 0.08921 27.000 0.0002898 54.000 0.0001449 108.000 7.245E-05 216.000 3.624E-05 432.000 1.814E-05
0.9300  0.1093 27.900 0.0004833 55.800 0.0002417 111.600 0.0001208 223.200 6.044E-05 446.400 3.026E-05
0.9600  0.1482 28.800 0.001093 57.600 0.0005466 115.200 0.0002733 230.400 0.0001367 460.800 6.845E-05
09900 0.3033 29.700 0.008548 59.400 0.004274 118.800 0.002137 237.600 0.001069 475200 0.0005353
0.9930  0.3633 29.790 0.01456  59.580 0.007281 119.160 0.003641 238320 0.001821 476.640 0.0009120
0.9960 0.4817 29.880 0.03363  59.760  0.01682 119.520 0.008409 239.040 0.004206 478.080 0.002106
09990  0.9654 29.970  0.2682 59.940 0.1341 119.880 0.06706 239.760 0.03354 479.520 0.01680
1.0000 48.76  30.000 47.45 60.000 46.92 120.000 46.16 240.000 45.11 480.000 43.67

a slight increase in the phase angle or decrease in the  About the Author

semiamplitude will make the two changes exactly can-
cel out each other.

X.APPENDIX

For the equations used to obtain the numerical
results in this article and their derivation with a com-
plete set of results, see the online appendix at
www.nawcc.org/pub/bulsupp.htm or contact the
NAWCC Library and Research Center.
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APPENDIX
A. CENTER OF PERCUSSION ®

To locate the center of percussion of a pendulum we use the equations of impulse and
momentum, and the fact that the pendulum is constrained to rotate about its center of rotation.

CM = Center of Mass
O = Center of rotation

B f P = Center of percussion
I, = Moment of inertia about CM = mk’
I, = Moment of inertia about point O
é m = Mass of pendulum
k = Radius of gyration of pendulum
! F = Impulsing force
‘-‘x_ R = Impulsing reaction
¢ = Theoretical pendulum length
b At = Duration of impulse
v F V.. = Linear velocity of the CM at time i
w, = Angular velocity at time I
M = Impulsing moment
a = Distance from center of rotation to the
Figure 3. center of mass

The equations of impulse and momentum are:

t L
der =mv,,-mv,, (4-1) and fMdt =Ilw,-lw, (4-2)

f 4
applying the above Eq. (A-2) to the impulsing of a pendulum we have:
Ar . B
fMdt =MAt =FiAt =L ow-1 o,
[
A bar over a term means that it is the average value over the requisite time period. Solving for w,

we obtain:

w = FLAy] + o,

NAWCC BULLETIN Month
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Now noting that the linear velocity of the CM of the pendulum is equal to its angular velocity times
its distance from the center of rotation we have the relation:

v, = 0a (A-3)

Substituting we have:

Vo = [(FULANI + @ ]a

Next applying Eq. (A-1) to the pendulum:

At
det = (F - R)Ar = mv,_ - mv

cmo

Again using Eq. (A-3) we obtain:
(F-R)At = m[FLAYI +wJa-me,a

Rearranging and simplifying, we have:

(F-R)Ar = (mFi1Ata)l,

Noting the relations for the moment of inertia:

I, = mk?® and I = Im+ma2 = m(k?+ a?)

And substituting we get:
R = F1-(a)/(k?+a?)]

Thus, there is no resultant reaction at the center of rotation if:

0 =a+(k*a) and b = (k%a) (4-4)
This is the center of percussion.
B. TRAVEL TIME (CIRCULAR PENDULUM)°

Now we will derive the equations determining the time it takes for a pendulum to travel to
any point along its circular arc due to the action of gravity.
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T Y Note: s = /0= Distance traveled by the pendulum
bob along the circular arc.
v =ds/dt = ¢d0/dt = Velocity of the pendulum

bob.
a = dv/dt = d’s/dr = 0 @/dr = Acceleration
of the pendulum bob.

av/dt = (dv/ds)(ds/dt) = v dv/ds

y=20(l -cos B), sin @=dy/ds

6, = Semiamplitude of pendulum.
h=10(1-cos 6)

¢ = (P? -g)/(47) = Theoretical pendulum

length. (B-1)
P, = Nominal period of Circular Pendulum

g = Acceleration due to gravity

Figure 4.

w = Weight of pendulum

Applying Newton’s Second Law of Motion:  F = ma to the pendulum, we get:

2
-wsind = Kﬂd—e
g dr?

Rearranging and using the above listed relations, we have:

dv dy

v_ = -_—
ds gds

Multiplying by ds we get a simple first order equation, then integrating:

v y
vdv = -g |dy
fo- o]
Evaluating the integrals we obtain:
Y - gty
5 gwn -y
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energy of the system remains constant, to the pendulum:
E=T+V (B-2)
where: E = Total Energy Stored in the Pendulum, 7 = Kinetic Energy of the Pendulum, and
V = Potential Energy of the Pendulum; and

T=-2l4,—v2, and V = wli(l- cosf) = wy
g

Note that at y = h, v = 0, therefore:

w
—vi+wy = wh, and

2g 2

From which we get:

y = %‘:. - +/2g0h =) (B-3)
And noting that:
2 _(p_ 2
sinf = L e (b))
ds ¢
From which we obtain:
ds = ___Q.dl____
20y - y?
and
dt = tdy

V2g/h-yy 20y -y?

Thus the time for the pendulum to go from the point of equilibrium (the lowest point in the arc) to
any point along the arc is:

T, y
far=T, - L [—2
0 V28 Jh-yy20y-y2

Now let y = h sin’ @, then

Month 2006 NAWCC BULLETIN

11



12

dy = 2hsin@cospdp, and Jh-y = Jhcos@

and

T ' 2hsing cos@ d¢

" V2en, Jhcos@ 20hsin?e - hZsin*o

Simplifying, we get:

¢

0 de

T, = ’_ ———F—— , where k = hR20<1 (B-4)
g {\/ 1 - k?sin’p

The integral is an incomplete elliptic integral of the first kind, and is usually noted as:

¢

Flk,@) = f—-—d—"’-._, 0<k<1 (B-5)

o\ 1 -k?*sin’g

where:

k= JRI21 = ——— = sin—2 (B-6)

and

sing = |2 - 1-cosf _ s.in(6/2) (B-7)
h 1-cos@,  sin(B /2)

C. ELLIPTIC EVALUATION 1

You can evaluate an elliptic integral by looking it up in a book of tables or by the following
method, using Eq. (B-5):

0<k<1)
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This is an elliptic integral of the first kind, it has no closed form solution. However, the term
(1 - Ksin’@)* can be expanded into a series by use of the binomial formula,

(@a+by" =a"+na"'b+ —————-——n(’;l)a”'zb2 +

This series is valid for any n if /b/a/< 1. Now k < I and sin¢ < I, therefore we have
/b/a/ = [Ksin@/< 1. The expansion becomes:

3 1-3-5 .
(1 -k?sip)™* = 1+5 > sm q>+§24§ k*sin (p+§2.4.6§k6sm6(p+... (c-1

The individual terms can be integrated and evaluated by means of the following relations:
. | @ sin2¢
de=¢, sin@de =L - Lsinpcosp = L - SI<P

[do=o [sin* ode 5~ singcose = > - =

and

: s -2 -
[sin"q)d(p - _sz(pzsnm LA nnl fsin"‘ztp de

Performing the above operations, we obtain the following infinite series:

Flk,@) =A@ -sin2¢ i@ +...

[_(Z'J)L n=0,1,2,3... (C-2)

"2.@n+ 1!

Bo 1 .2
—~—+—sm°P+...+B
2 3 ome

where: A=—2—I£@, see Eq.(E-1); and B, =4-1
T

Jen-pn
2n)! !

and B =B

n n-1

2
} k" n=1,2,3,...

Note: n/=12<3.. .en 0/=1;2n+])!l =135, . «2n+1); 2n)!=2e446...+(2n)
The series converges rapidly for the normal range of values of pendulum amplitude.

D. IMPULSE ERROR

Combining Egs. (B-4) and (C?2), the impulse error becomes:
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AT, = \E' [F(k, @) - F(k;, ¢,)] (D-1)

and to obtain the Rate of Change of the Impulse Error (RCIE) differentiate with respect to &, i.e.
dF(k., ©,
RC]];:\JZ dF(k,¢) _ 9k @)
g

do do
Using Egs. (C-2)

dF k@) _ 4 do _z": 3 |__@n!! d(sin2 @sin™¢) do
do a9 i "|2:@n+D!! de do

D-2)

Where using Eq. (B-7) and noting that sin 2¢ = 2sin @ cos ¢ = 2sin @ (I - sin’ @)*
and cos 2¢ = I - 2sin’ ¢, from which we get:

a9 _ _ﬁ‘_’{ sin'l( Sin(B/Z)H ____cos(6/2)
2

do dﬂ k k2 _ SiIl2 (6/2)

. s 2R
d(st;pSln ?_, [(n+1)cos2¢@ +n]sin™ ¢
P

@4n+2) -

and

(4n +4)sin®(6/2)
k2

sin?"(6/2)
k2n

n=0,1,2,3,...

E. CIRCULAR ERROR ' 112

To determine the period of the pendulum evaluate Eq.(B-4) for 8= 6, , then sin ¢p = |
and ¢ = /2, thus:

n2
T -4/l f__‘i‘ﬁ___ - 4/UgKk) (0<k<1)
o { 1 - k?sin’p
K(k) is a complete elliptic integral of the first kind. Using the expansion given in Eq.(C-1), we have:
/2 2 4 6
K(k) = F(k,m/2) = f(l + % sin?@ + 3—1;— sin*o + —51—% sinfe +...)d¢

Integrating term by term we get:
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1+(.1_)2k2+(1'_)2k4+...+((_2".:1>_’-‘.)2k2"+...} E-1)
2 4 2mi

if k<1, n=1,2,3,...

K() = -’-25

Thus the circular error per period is:

AT, - 2n Jg (é)k(ﬁ)k(gﬁ_)kl E-2)

2-4 m!!
Noting from Eq. (B-6) that for a pendulum k& = sin(6,/2), the period of the pendulum becomes:
2 .0 32 . ,0 - 2 0
1+ .}. sin? -2 + _1_3_ sint—2 +... + (2n 1)” sin?" —2 + ..
2 2 2-4 2 2! 2

Units: Seconds per Cycle

T =om, |t

g

(E-3)

Further, using the expansion:

®.2° (©,2° 2
YT TR

inoo 0 /2)
sin— = -
2 [

We can rewrite the equation for the period in terms of &)

T, = Zn\Jz
g

The thing to remember is that the absolute value of the circular error, which is made up of
all the terms which include @, can and is corrected for by adjusting the length of the pendulum. The
thing that affects the accuracy of the pendulum is the rate of change of the circular error (the slope
of the Amplitude vs. Period curve), which measures the error due to small changes in the amplitude
of the pendulum. To obtain the rate of change differentiate the equation for the period with respect
to the amplitude &, from which we obtain:

82 110! 51965
+ — + + + ...
16 3,072 2,211,840

1

dr, ) 1}2. © 0, 1-3)2. .9, 0,
=2n | ~|] =| sin—2cos—2 +2| —| sin®—2 cos—2
a0 g\2) 2 T ) T2
2.5\2 0 0
+3( 13 5) sin®—2 cos—2 +. .. ]
2:4-6 2 2

Noting that sin(6,/2)cos(6,/2) = (¥%:)sin 6,, therefore:
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dTr
—< =14/l/gsin0
40 £

o

2 )2 ,
1 +2 13 sin2$+...
2 2-4 2

- 2 0
on| @r-DI) e 2020 +..], n=123,... (E-4)
n)!! 2

Units: Seconds per Cycle per Radian

F. IMPULSIVE «Q”» "1
According to the 3rd Edition of A. L. Rawlings “The Science of Clocks & Watches”

QO = n(E/AE), where E = total stored energy of the oscillating pendulum, while AE = additional
energy per swing.

AE = IMPULSE = mE/Q

In the following the subscript i refers to terms associated with the impulse.
For a circular pendulum using the above equation and Figure 4 in Appendix B, we have:

E = wh = wi(1 -cosB )
and
AE = w(h, - h) = wl(cos6 - cosf)) = gwc(l - cos0 )

Therefore:

cos®, = (1 + m/Q)cosd, - T/Q (F-1)

For a cycloidal pendulum, see Figure 5 in Appendix H:
E =wh =2awsin’p,

and

AE =2aw(sin*B, - sin’B,) = %2awsin2[30

Therefore:

sin?B, = (1 +m/Q)sin’B,,
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G. DAMPED CIRCULAR PENDULUM 4151617

Assuming the resistive (damping) force is proportional to the velocity along the arc. The
resistive force is therefore: 2mks = 2mk00 and the equation of motion becomes:
miB = -2mke0 - mgsin®

or 0 +2k6 +%sin6=0'
2 2 .8
Note: s=100, —4~'§=s’= E’——6—=09,and —4-§=§=ﬂi—9=00
dt dt dr? dr?
(&)
2k:_].'.=_._?., and w0=§
T 0 0
Thus: 6+1¢ +.sin® =0
T
This can be written as two first order differential equations:
0-2-Yo0, 4=--0’sin0-La=s00,a)
£ ¢ T

with initial conditions: ar t=0, 0=6,, and 0=0=a,
Which can be solved numerically using the Fourth-Order Runge-Kutta Method:

z
6i+1 - ei tza, g(nil g, t ni3)

I+

1
Oy =&; * "6'(’1:'1 +2ni2 + 2"i3 + ni4)

where:
n, =zf(,0,, )
n, =zf(t,+[2/2],0,+[z2]e,, o, +[n,/2])
n, =zf(t,+[2/2], 0, +[z12] e, + [2/4]n; , &, + [1,,/2])
n,=zf(t,+2,8,+za,+[z2]n,, a +n;)
and z=At

H. CYCLOIDAL PATH ®1%20,21

Equations for the cycloid:
Origin, point O, at center of curve, where: x = 0, y = 0, and = 0.
At the ends of the curve f = +7/2.
AP = 2a sin B DP = 2a cos BB
y=AB=2a-DB=2a-DP cos = 2a(l - cos’f) = 2a sin’B= a(l - cos 23)
x=H'D+ BP =2af+ asin2f3= a2+ sin 2) = 2a(f + sin Bcos B

Month 2006 NAWCC BULLETIN
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Note: AP is tangent to the curve at P and the arc OP is equal to twice the length of the line AP.

s=arc OP = 24P = 4a sin §
where a is the radius of the generating circle.

Ty

(H-1)

G
AC=a
CD=a
CP=a
OH = 2a
HG =2a
F H D E
/i
Cycloidal Path
R a
N\ Bf57 P
Circular
Path mg
B X
:
0
Figure 5.
If R is the reaction normal to the curve, and m the mass of the particle at P, the equations of
motion are:
2
Tangential Force: m —j = -~ mgsinf (H-2)
dt
v2
and Normal Force: ~m— =R - mgcosp (H-3)
Combining Egs. (H-1) and (H-2) we have:
2 -
ds _-g s (H-4)
dt? 4a

This represents simple harmonic motion, and the period is:
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Which shows that the pendulum is isochronous. Integrating Eq. (H-4), we have:

2
p2=(d5) 282, ~4agsin’p +c = 4ag(sin’p, - sin’pB)
dt 4a

if the pendulum started from rest at the point where § = f8,

We can also derive this using the Principle of Conservation of Energy as in Eq. (B-2):

T=242 and V = 2awsin’p
2g
Note that at y = 2a sin’f3,, v = 0, therefore:

Y v2 4 2awsin®p = 2awsin’p,
28
and v? = 4ag(sin®p, - sin’B)

also from Eq. (H-1) = —Z—g = 4acosP = Radius of Curvature of the Cycloid

and thus Eq. (H-3) gives:
(sin®B, - sin®B) (cos2p + sin’*P)
=m

cosf cosfP

R=mgcosP + mg

To make the amplitudes of the circular and cycloidal pendulum to be at the same energy

level:

For a circular pendulum: h=2/¢(-cos 8)

For a cycloidal pendulum: % = 2a sin’g, Note: /= 4a
Thus: 2asin’ f, = 4a(l - cos 6)

and sin’ f, = 2(1I - cos 6)

I. DAMPED CYCLOIDAL PENDULUM "2

When a particle oscillates along a smooth cycloidal curve in a medium (air) whose resistance
is proportional to the velocity, the equations of motion are:

2 2
mﬂ = - mgsinf —2mk£‘E , mv—=R—mgcos[3
dr? dt p
From Eq. (H-1) s =4asinf, p-= f% =4acosp
and v=is—=4acos|3é~g, w§=——g—
dt dt 4a
®
2k=l:-—3, w,=w, 1- 1
T 0 402
T is called the decay time or time constant, then:
d’s lds 2
— t—— +w, s=0
dr? tdt
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This is a linear, second-order, differential equation with constant coefficients. For small damping:

20,7

20

and w, is nearly equal to w,,

We use an exponential to convert a differential equation into an algebraic one:
s()=A,e "* cos(w,t + )

where 4, is the maximum amplitude.
~ds _d

v = ——=
dt  dt
Using the initial conditions: at ¢ = 0, V=

We evaluate the coefficients 4, and &,
5(0) =s,=A4,cos 0

A, =s;/cos 0

Now:

—l4,e """ cos(w, 1 + 6)] =A e ""21[-2-1——005(%’ +8) + o, sin(w,f + )
T

v, and s = §,

v(0) =v,=A,[(w,/2Q)cos 0 + w, sin O]
v,=s[(0,/120) + w, tan J]

and

1 20v,

40%-1

w,s;
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